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The TDA and RPA many-body methods are applied to a QCD motivated Hamiltonian in the
Coulomb gauge. The gluon effects in the low energy domain are accounted for by the Instantaneous
color-Coulomb Interaction between color-charge densities, approximated by the sum of a Coulomb
(α/r) and a confining linear (βr) potentials. We use the eigenfunctions of the harmonic oscillator
as a basis for the quantization of the quark fields, and discuss how suitable this basis is in various
steps of the calculation. We show that the TDA results already reproduce the gross-structure of the
light flavored meson states. The pion-like state in the RPA description, which is a highly collective
state, is in a better agreement with the experimental value. The results are related to other non-
perturbative treatments and compared to experimental data. We discuss the advantages of the
present approach.
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I. INTRODUCTION
Quantum Chromodynamics (QCD) is the theory of the strong interactions. It has been verified in numerous
experiments and is well understood at high energies where, due to asymptotic freedom, the coupling constant is small
and perturbative techniques work well. At low energy, however, QCD is a highly non-perturbative theory.
Up to now, only Lattice Gauge Theory (LGT) has been able to obtain reliable results from first principles (see, e.g.,
[1] for a recent overview). There are also disadvantages to LGT, principally the huge numerical effort involved, but
also the difficulties to simulate light quarks with realistic current masses, to identify the states for a given spin (due
to the breaking of rotational symmetry in the formulation of LGT), to obtain excited states, etc. In recent years,
some improvements in the implementation of LGT have been achieved in describing low lying hadron states [2, 3]
and highly excited meson states [4]. The Dyson-Schwinger equation (DS) method applied to low energy QCD has
several advantages, particularly describing in a self-consistent way the dynamical generation of the constituent quark
masses and implementing the axial-vector Ward-Takahashi identity exactly [5]. However, the DS method has its own
drawbacks, mainly the absence of clear prescriptions to truncate diagrammatic contributions.
The implementation of schematic models in QCD-motivated Hamiltonians has provided the complete spectrum of
glueball states [6] and hadrons [7, 8]. In all these attempts, it was shown that the use of methods based on group
theory and diagonalization in small spaces can yield analytic results in certain limits. The numerical efforts are less
demanding compared to LGT, the rotational symmetry is maintained, and the identification of the complete spectrum
is feasible.
The formulation of QCD in the Coulomb gauge [9, 10] has been widely used. Several systems described by the
non-perturbative regime of QCD have been examined in this framework. The glueball spectrum, studied by LGT
[11, 12], was well reproduced in [13, 14]. The calculations for systems involving heavy quarks [15], like charmonium
and bottomonium, have approximately reproduced the available data. The charmonium hybrid meson spectrum and
their radiative transitions, including controversial exotic states, were calculated in [15, 16] and compared to LGT
results [17, 18]. Finite temperature studies focused on the Yang-Mills sector of the theory [19, 20] have been able
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2to describe the possibility of a phase transition for this system, as well as its thermal properties described before by
LGT [21, 22].
As a starting point for a different approach to diagonalizing the QCD Hamiltonian that employs the effective
formulation developed in [23], analytic results were obtained in [24] for light quark systems restricted to one orbital
level. This approach was extended to an arbitrary number of orbital levels by applying a diagonalization to the
kinetic energy of the pure quark sector of the QCD Hamiltonian in a finite volume [25]. It was shown that the use
of the harmonic oscillator basis has several practical advantages as it leads to analytical expressions for the relevant
matrix elements. In this basis it is also straightforward to subtract the contributions of the center of mass motion.
Though the harmonic oscillator states represent a non-relativistic basis, which implies that one has to use many
states to approximate relativistic states, its use is advantageous. Recently, we have investigated the implementation
of many-body methods in a SO(4)-model for quarks [26, 27], which leads to a pion-like state with high collectivity.
In this contribution we go further and try to extract information about the microscopic structure of low energy meson
states, by approximating the QCD Instantaneous color-Coulomb Interaction (QCD-IcCI) which has been derived in
[9, 10]. In [23, 28], the momentum dependence of the QCD-IcCI has been studied for a static quark-antiquark pair,
using a self-consistent mean field approximation. It was shown that in coordinate space it corresponds to a linear
potential, of the type found in LGT. Motivated by these results, we substitute the QCD-IcCI by a Coulomb plus
linear potential, the latter being the confining part of the quark-quark interaction. This potential acts instantaneously
and its use may be questioned for light quarks. In any case, the effective potential can only be considered as a first
approximation, and the effects of dynamical gluons should eventually be included [23]. The main objective of the
present work is to show that there is a possibility to improve and significantly simplify the burden of calculations in
low-energy non-perturbative QCD by using many-body methods, and that the harmonic oscillator basis is well suited
for this task. The strategy will be explained in detail in the course of the paper.
The paper is organized as follows: in Section II, the effective QCD Hamiltonian derived in [23] will be discussed
and the approximations will be justified. The Hamiltonian is then rewritten in terms of the harmonic oscillator basis
and its operators. A prediagonalization is applied to the kinetic plus mass terms, after which it is possible to define
effective quark and antiquark operators. In Section III, the Tamm-Dancoff-Approximation (TDA) and the Random-
Phase-Approximation (RPA) are applied to the Hamiltonian, and the spectrum of meson states viewed as collective
states is calculated. We will show that the meson spectrum is, to a large extent, reproduced. While the energy of the
pion-like state in TDA is higher than the experimental data, the RPA result for the same state is in better agreement
with the experimental value. We also compare our results to the spectrum obtained in [29], where a continuum basis
for the description of the meson states was used and the same approximations were applied. Since the RPA method
introduces pair correlations in the ground state, the interactions that account for them are identified and their effects
quantified. In subsection III B, the renormalization of the quark masses and couplings is described. We present our
conclusions in Section IV. The technical details of the approach are relegated to five appendices.
II. THE QCD HAMILTONIAN AT LOW ENERGY
As we have already mentioned in Section I, QCD has been widely studied in its canonical Coulomb gauge represen-
tation. In Ref. [23], it was shown how confinement and the constituent particles (quarks and gluons) can be treated
simultaneously within this gauge. The QCD Hamiltonian in the canonical Coulomb gauge representation is given by
[9, 10]
HQCD =
∫ {
1
2
[J −1Πtr · JΠtr + B · B]− ψ (−iγ · ∇+m)ψ − gψγ · Aψ} dx
+
1
2
g2
∫
J−1ρc(x)〈c,x| 1∇ · D (−∇
2)
1
∇ · D |c
′y〉J ρc′(y)dxdy . (1)
Here, Πtr and B are the transverse chromo-electromagnetic fields in the QCD Coulomb gauge and ψ represents the
quark fields. The last two terms in Eq. (1) are the quark-gluon interaction (g-term) and the total color-charge density
interaction (g2-term), respectively. In QCD, the total color-charge density ρc(x) contains the contribution of quarks-
antiquarks and gluons. The kernel in the last term of Eq. (1) is the Instantaneous color-Coulomb Interaction in QCD
(QCD-IcCI) which includes the inverse of the Faddeev-Popov operator (∇ ·D)−1 and its determinant J = det(∇ ·D)
[9, 10]. At low energy, light quarks play the most important role, while the effects of dynamical gluons can be
simulated by the interaction V (|x − y|) = − α|x−y| + β|x − y|, which is obtained from a self-consistent treatment of
the interaction between color charge-densities [23, 28].
3Therefore, an approximate effective QCD Hamiltonian can be written as
H
QCD
eff =
∫ {
ψ†(x)(−iα ·∇+ βm)ψ(x)
}
dx− 1
2
∫
ρc(x)V (|x − y|)ρc(y)dxdy
= K +HCoul , (2)
where we have restricted ourselves to the quark sector of the theory, without dynamical gluons. Consequently,
ρc(x) = ψ†(x)T cψ(x) now represents the quark and antiquark charge density. In the last line of Eq. (2), the first term
is the kinetic energy, while the second term is the QCD-IcCI in its simplified form. The reason for the factor of − 12
in the potential term is that the short-range interaction of two quarks with opposite (color) charges is similar to the
classical attractive Coulomb interaction, i.e., − q2
r
[13, 30]. The fields ψ†(x) and its hermitian conjugate are quantized
in the usual way, by expanding them in terms of creation and annihilation operators and using as coefficients the
harmonic oscillator functions:
ψ†(x) =
∑
τ,Nlml,σcf
R∗Nl(x)Y
∗
lml
(xˆ)χ†σ q
†
τ,Nlml,σcf
=
∑
Nlml,σcf
R∗Nl(x)Y
∗
lml
(xˆ)χ†σ
(
q
†
1
2
,Nlml,σcf
+ q†− 1
2
,Nlml,σcf
)
. (3)
with x = |x| and RNl(x) = NNl exp(−B0x
2
2 )x
lL
l+ 1
2
N−l
2
(B0x
2), where Lλn is an associated Laguerre polynomial and
(
√
B0)
−1 is the oscillator length. The index τ denotes the upper (τ = 12 ) and lower (τ = − 12 ) components of the
Dirac spinors in the Dirac-Pauli representation of the Dirac matrices, and σ, c, f indicate the spin, color and flavor
intrinsic degrees of freedom, respectively.
For the implementation of the Tamm-Dancoff Approximation (TDA) and the Random Phase Approximation (RPA)
methods in the present approach, we have developed the following strategy: in a first step, the kinetic energy term is
diagonalized within a finite volume (Section II A), which we shall refer to as “prediagonalization”. The eigenfunctions
constitute a new basis, where quark and antiquark creation and annihilation operators can be defined. In a second
step (Section II B), the interaction is rewritten in terms of these creation and annihilation operators. Finally, the
whole Hamiltonian of Eq. (2), expressed in the effective basis, is diagonalized in the space of particle-hole collective
states (Section III).
A. Diagonalization of the kinetic energy and the effective basis.
The kinetic energy in terms of the creation and annihilation operators of the oscillator basis, in their total spin
j = l+ 12 representation, is written as
K =
∑
jτiNili
∑
mcf
Kj,T
τ1(N1l1),τ2(N2l2)
q
†
τ1(N1l1)jmcf
qτ2(N2l2)jmcf , (4)
which is clearly not diagonal. The indices m, c and f correspond to the total spin m = −j, · · · , j, color c = 1, 2, 3
and flavor f = u, d, s components, respectively, where f = {Y, T, Tz} is a short-hand notation for flavor-hypercharge,
isospin and the third component of isospin. We distinguish between the u-d quarks (T = 12 ) and the s quarks (T = 0),
where the latter have a larger mass. The prediagonalization has to be applied in each sector with a different mass
or isospin i.e., mT0 = mu,dδT, 1
2
+msδT,0. The matrix K
j,T
τ1(N1l1),τ2(N2l2)
(given explicitly in Appendix A) has to be
diagonalized in order to obtain an effective basis with respect to which the total Hamiltonian is then diagonalized.
The diagonalization of the kinetic term (4) is performed for a given maximal number of quanta N = Ncut, for which
we introduce a general transformation to a basis of effective operators,
q
†
τ(Nl)jmcf =
∑
λpik
(
αj,T
τ(Nl),λpik
)∗
Q
†
λpikjmcf δpi,(−1) 12−τ+l . (5)
The index λ = ± 12 refers to the pseudo-spin components after the diagonalization of the kinetic term, and k runs
over all orbital states after the diagonalization. The value λ = + 12 refers to positive energy states (effective quarks)
and the value λ = − 12 to negative energy states (effective antiquarks). For example, taking Ncut = 3 and j = 12 , only
the lowest two s and p orbital states contribute, so that the index for the positive energy states runs from k = 1 to
2, for a fixed τ . The same happens for the negative energy states. The parity on the left-hand side (L.H.S) in (5)
4is given by (−1) 12−τ+l while for the right-hand side (R.H.S.) π indicates the parity after the diagonalization i.e., our
effective particles (Q†λpikjmcf ) are a linear combination of states with the same well-defined parity. The transformation
coefficients depend on the type of quarks, whether it is an up or down quark (equal masses are assumed) or a strange
quark (mu,d < ms). For the transformation coefficients and the kinetic matrix elements, only the dependence on the
flavor isospin is given, because the flavor-hypercharge is fixed by T .
The eigenvalue problem to be solved acquires the following form∑
τiNili
αj,T
τ1,(N1l1),λ1pi1k1
Kj,T
τ1(N1l1),τ2(N2l2)
αj,T
τ2,(N2l2),λ2pi2k2
= ελ1pi1k1jY T δλ1λ2δpi1pi2δk1k2 , (6)
where we have taken the transformation coefficients of Eq. (5) to be real.
It is worth mentioning that the spin, color and flavor quantum numbers of the single particles are conserved in the
prediagonalization. In this work, we only consider single particles with total spin j = 12 in order to study low energy
states built by pairs coupled to spin J = 0, 1 and leave for future work the analysis of the contributions due to single
particle spin j = 32 . The method presented here can directly be extended to j >
1
2 .
Having performed the diagonalization of Eq. (4), the kinetic energy is rewritten in terms of effective creation
(annihilation) operators of quarks b†(b) and antiquarks d†(d) (see Appendix A),
K =
∑
pikjY T
εpikjY T
∑
mcTz
(
b
†
pikjY T,mcTz
bpikjY T,mcTz − dpikjY T,mcTzd†pikjY T,mcTz
)
, (7)
where the eigenvalues (effective masses) are denoted by εpikjY T and the quark and antiquark operators are related to
the operators before the prediagonalization via Q†1
2
pikjmcf
→ b†pikjY T,mcTz and Q
†
− 1
2
pikjmcf
→ dpikjY T,mcTz (see (A5)).
The diagonalization is achieved by choosing the oscillator length (
√
B0)
−1 in such a way that for a given cut-off
Ncut = N0 (called the renormalization point, see Appendix E) the first (k = 1) single-particle state εpikjY T is at a fixed
energy. This energy is chosen such that it represents a confined particle in a finite volume of the size of a hadron, i.e.,
0.5fm ≤ (√B0)−1 ≤ 1fm. The renormalization of the masses is explained in the Section III B and in the Appendix E.
B. The effective Coulomb Interaction
In terms of the creation q†
τ(Nl)jmfc and annihilation q
τ(Nl)jmfc operators, before the prediagonalization, the effective
Coulomb interaction acquires the form (see Appendix B)
HCoul = −1
2
∑
NilijiL
V L{Niliji}
[[
q
†
(N1l1)j1
⊗ q(N2l2)j2
]0,L,(11),(00)
⊗
[
q
†
(N3l3)j3
⊗ q(N4l4)j4
]0,L,(11),(00)]0,0,(00),(00)
0,0, 0, 0
,(8)
The intermediate coupling refers to pseudo-spin zero, angular momentum L, color (1,1) and flavor (0,0), respectively.
Since the TDA and RPA meson-like pairs will not be coupled to a definite SU(3) flavor irrep but only to a definite
Y, T, Tz, it is preferable to rewrite the product
[
q
†
(N1l1)j1
⊗ q(N2l2)j2
]0,L,(11),(00)
0,ML,C,0
as
[
q
†
(N1l1)j1
⊗ q(N2l2)j2
]0,L,(11),(00)
0,ML,C,0
=
∑
Y1T1,Y2T2
(−1) 13+Y12 +T1
√
2T1 + 1√
3
δT2T1δY2Y1
[
q
†
(N1l1)j1Y1T1
⊗ q(N2l2)j2Y¯2T2
]0,L,(11),00
0,ML,C,0
,
(9)
where Y¯2 = −Y2 and the new factor in the sum comes from an isoscalar factor of SU(3) [31]. The last two zeros in
the final coupling indices refer to Y and T while the (last) lower magnetic quantum number index refers to Tz.
Applying the transformation (5), the product of a creation and an annihilation operator in (9) transforms to[
q
†
(N1l1)j1Y1T1
⊗ q(N2l2)j2Y¯2T2
]0,L,(11),00
0,ML,C,0
=
1√
2
∑
τ1,τ2
∑
λ1pi1k1,λ2pi2k2
δτ1,τ2 δpi1,(−1)
1
2
−τ1+l1
δ
pi2,(−1)
1
2
−τ2+l2
(
αj1,T1
τ1(N1l1),λ1pi1k1
)(
αj2,T2
τ2(N2l2),λ2pi2k2
)
×
{
δλ1, 12 δλ2,
1
2
[
b
†
pi1k1j1Y1T1
⊗ bpi2k2j2Y¯2T2
]L,(11),00
ML,C,0
− δλ1, 12 δλ2,− 12
[
b
†
pi1k1j1Y1T1
⊗ d†
pi2k2j2Y¯2T2
]L,(11),00
ML,C,0
+ δλ1,− 12 δλ2, 12
[
dpi1k1j1Y1T1 ⊗ bpi2k2j2Y¯2T2
]L,(11),00
ML,C,0
− δλ1,− 12 δλ2,− 12
[
dpi1k1j1Y1T1 ⊗ d†pi2k2j2Y¯2T2
]L,(11),00
ML,C,0
}
. (10)
5This allows us to introduce the following notation
F1,2; Γ0,µ0 =
1√
2
{
δλ1, 12 δλ2,
1
2
[
b
†
pi1k1j1Y1T1
⊗ bpi2k2j2Y¯2T2
]L,(11),00
ML,C,0
− δλ1,− 12 δλ2,− 12
[
dpi1k1j1Y1T1 ⊗ d†pi2k2j2Y¯2T2
]L(11)00
ML,C,0
}
G1,2; Γ0,µ0 =
1√
2
{
δλ1,− 12 δλ2, 12
[
dpi1k1j1Y1T1 ⊗ bpi2k2j2Y¯2T2
]L,(11),00
ML,C,0
− δλ1, 12 δλ2,− 12
[
b
†
pi1k1j1Y1T1
⊗ d†
pi2k2j2Y¯2T2
]L,(11),00
ML,C,0
}
.
(11)
where we have used the short-hand notations 1 = λ1π1k1j1Y1T1 (similarly for the index 2), for the quantum numbers
of the intermediate coupling in the interaction Γ0 = L, (11), 00, and for their magnetic projections µ0 = ML, C, 0,
respectively.
With this, the Coulomb interaction is rewritten as
HCoul = −1
2
∑
L
∑
λipiikijiYiTi
V L{λipiikijiYiTi}
( [F12;Γ0F34;Γ¯0]0˜0˜ + [F12;Γ0G34;Γ¯0]0˜0˜ + [G12;Γ0F34;Γ¯0]0˜0˜ + [G12;Γ0G34;Γ¯0]0˜0˜
)
,
(12)
where the upper index 0˜ = {0, (00), 00} indicates the total couplings of the interaction in spin, color and flavor
hypercharge and isospin, while the lower index 0˜ = {0, 0, 0} indicates the corresponding magnetic numbers.
The second and third terms in Eq. (12) do not contribute in either the TDA or the RPA scheme, since they have
an odd number of creation and annihilation operators. They can eventually be absorbed in higher order terms of the
coupling between quarks, antiquarks and phonons. The creation and annihilation of two pairs, contained in the last
term of Eq. (12), only contributes in the RPA scheme and accounts for the presence of ground state correlations in
this framework.
The matrix elements in Eq. (12) are given by
V L{λipiikijiYiTi} =
∑
τiNili
V L{Niliji} α
j1,T1
τ1(N1l1),λ1,pi1,k1
αj2,T2
τ2(N2l2),λ2,pi2,k2
αj3,T3
τ3(N3l3),λ3,pi3,k3
αj4,T4
τ4(N4l4),λ4,pi4,k4
× δτ1τ2δτ3τ4 δpi1,(−1) 12−τ1+l1 δpi2,(−1) 12−τ2+l2 δpi3,(−1) 12−τ3+l3 δpi4,(−1) 12−τ4+l4
× (−1) 13+Y12 +T1
√
2T1 + 1√
3
δT2T1δY2Y1 (−1)
1
3
+
Y3
2
+T3
√
2T3 + 1√
3
δT4T3δY4Y3 , (13)
and the matrix elements in the harmonic oscillator basis (V L{Niliji}) are analytic and actually easy to compute. They
are given in Appendix B.
III. THE TDA AND RPA BOSONIZATION METHODS.
The TDA and RPA are both bosonization (or linearization) methods [32]. In Appendix C, we present a brief
introduction to the RPA method and its simplified TDA limit. The quark-antiquark pair operators needed for the
TDA and RPA one phonon states with quantum numbers Γ = {JP , (0, 0)C , Y, T } and magnetic projection numbers
µ = {Mj, 0, Tz} are given by
[b†piakajaYa,Ta ⊗ d
†
pibkbjbY¯b,Tb
]
JP ,(0,0)C ,Y,T
MJ , 0, Tz
= [b†ad
†
b¯
]Γµ , (14)
where the creation (annihilation) operators of effective particles b†piikijimicifi(b
piikijimicifi) and antiparticles
d† piikijimicifi(dpiikijimicifi) were introduced in the previous Section. On the R.H.S. of Eq. (14) we have introduced the
short-hand notation that we are going to use from now on, in order to describe all possible pairs needed to construct
the collective TDA and RPA phonon operators.
Here, we present the more general phonon operators that we are going to implement, i.e., the RPA creation phonon
operators Γˆ†n;Γµ, which are defined as
Γˆ†n;Γµ =
∑
a,b
{
Xnab;Γ[b
†
ad
†
b¯
]Γµ − Y nab;Γ(−1)φΓµ [db¯ba]Γ¯µ¯
}
=
∑
a,µa
∑
b,µb
{
Xnab;Γ 〈aµa, b¯µ¯b|Γµ〉 b†aµad†b¯µ¯b − Y
n
ab;Γ(−1)φΓµ 〈aµa, b¯µ¯b|Γ¯µ¯〉 db¯µ¯bbaµa
}
(15)
6where (−1)φΓµ = (−1)J−MJ (−1)T−Tz is the phase needed to guarantee the scalar nature of the vacuum.
The corresponding annihilation phonon operators Γˆn;Γµ are
Γˆn;Γµ =
∑
a,b
{(
Xnab;Γ
)∗
[db¯ba]Γµ −
(
Y nab;Γ
)∗
(−1)φΓµ [b†ad†b¯]Γ¯µ¯
}
=
∑
a,µa
∑
b,µb
{(
Xnab;Γ
)∗ 〈aµa, b¯µ¯b|Γµ〉db¯µ¯bbaµa − (Y nab;Γ)∗ (−1)φΓµ〈aµa, b¯µ¯b|Γ¯µ¯〉b†a¯µad†bµ¯b
}
, (16)
where a = πa, ka, ja, Ya, Ta (b¯ = πb, kb, jb,−Yb, Tb) and µa = macaTaz (µ¯b = −mbc¯b − Tbz) are the irreducible
representations and the third components of quarks (antiquarks), respectively, while 〈aµa, b¯µ¯b|Γµ〉 is a short-hand
notation for the product over all Clebsch-Gordan coefficients involved (spin, color and flavor). The quantities Xnab;Γ
are the forward-going-amplitudes and Y nab;Γ are the backward-going-amplitudes. The TDA limit is obtained when the
backward-going-amplitudes Y nab;Γ are set to zero. All the details about the phonon operators and the implementation
of the TDA and RPA methods are presented in Appendix C.
Before discussing our TDA and RPA results, we describe our general procedure for the numerical calculations:
• We are not considering dynamical gluons, but their main effects are accounted for by an effective confining
potential, obtained from a self-consistent treatment (Dyson-Schwinger equations) of the Yang-Mills degrees of
freedom in the presence of static quarks [23].
• For the fermion fields, we implement the canonical quantization in terms of a basis of wave functions and
the corresponding creation (annihilation) operators, see Eq. (3). In particular, we have chosen the harmonic
oscillator basis for the expansion of the fermion fields and used it to exactly diagonalize the kinetic Dirac term
(see Section IIA) in each flavor-isospin sector, in order to obtain effective quarks and antiquarks.
• Then, the effective QCD Hamiltonian has a diagonal single-particle term representing the kinetic energies
(including the masses) of the effective quarks (Eq. (7)), while now the matrix elements of the color Coulomb
confining interaction HCoul are not only spin and color dependent but also flavor-isospin dependent, as shown
in Eq. (13), as a consequence of the unitary transformation αj,T
τ,(Nl);λpi,k.
• It is reasonable to expect that the masses of the effective up, down and strange quarks are higher than the
corresponding current quark masses, and different from each other. These differences account for the effects of
the chiral and flavor symmetry breaking and they are represented by the unitary transformation of Eq. (5).
Here, we consider that the current strange quarks have a higher mass than the up and down quarks. For
simplicity, we use up and down quarks with the same mass, i.e., ms > mu,d. We are then in a position to
describe the interaction of the effective up, down and strange quarks at low energies.
• In order to study the predictive power of our approach, the numerical calculations are restricted first to a
particle-hole space by means of the TDA where the 1p − 1h correlations are only taken into account in the
excited states, keeping the ground state unchanged. This allows us to give a quantitative analysis of the ground
state correlations once the RPA method is implemented. The collective TDA eigenstates are compared to
experimental data in the subspaces of spin, parity, color, flavor-hypercharge and isospin quantum numbers
{JP , (0, 0)C , (Y, T )} for masses up to 1 GeV, with JP = 0∓, 1− and (Y, T ) = (±1, 12 ), (0, 0), (0, 1).
• In a further step, we include also ground state p − h correlations by means of the RPA within the same
subspaces {JP , (0, 0)C , (Y, T )}. By exploring the influence of ground state correlations in a comparison of the
RPA-phonon eigenvalues with the corresponding TDA eigenvalues and the experimental data, we obtain insights
into the physics around the pion state, as well as a look at the controversial scalar mesons (JP = 0+).
• Finally, to absorb any dependence of the configurational space on the cut-off Ncut, we have to implement a
renormalization procedure. We will require that the observables are weakly depending on the cut-off of the
configurational space. To achieve this, the effective particle energies obtained from the prediagonalization of
the kinetic energy term also have to be independent of the cut-off, while the bare quark masses (mu,d and ms)
and the interaction parameters (couplings α and β) get renormalized as functions of Ncut. The details of the
renormalization procedure are shown in Appendix E.
7A. TDA and RPA results
In what follows, we present our results and compare them with the results obtained in [29] and with the experimental
data [33]. We also compare the TDA and RPA results with each other in order to explore the influence of the ground
state correlations in the different subspaces {JP , (0, 0)C , (Y, T )} where both methods are implemented. From now on,
we are going to omit the singlet color notation (0, 0)C from the TDA and RPA subspaces of diagonalization, since by
construction all the collective TDA and RPA states presented here are color singlet.
In order to grasp the main features of the low-energy sector of the meson spectrum, it is worth to mention the isospin,
spin and parity T (JP ) quantum numbers of the states up to about 1 GeV [33]. For the pseudoscalar mesons: the
pion state has T (JP ) = 1(0−), the charged K± and neutral kaons K0 have T (JP ) = 12 (0
−), and the η, η′ mesons have
T (JP ) = 0(0−). For the vector mesons: the ρ meson has T (JP ) = 1(1−), the vector kaon states have T (JP ) = 12 (1
−),
while both the ω and φ mesons have T (JP ) = 0(1−). For the scalar mesons: the a0 meson has T (JP ) = 1(0+), the
K∗0 has T (J
P ) = 12 (0
+), and the f0(500), f0(980) = f
∗
0 mesons both have T (J
P ) = 0(0+). There is no pseudovector
meson reported below 1 GeV [33].
The TDA and RPA eigenstates in the {JP , (Y, T )} = {JP , (0, 0)} subspaces show only pure qq¯ (q = u, d) and ss¯
states, i.e., no flavor mixing. The reason for such pure states is the fact that the effective color-confining interaction is
not capable to produce flavor mixing between pairs, as a consequence of the color structure of the quark (antiquark)
color-charge densities ρa, which are flavor scalars (see Eq. (13)). Flavor mixing is expected to occur, however, in the
meson spectrum, e.g., for the T (JP ) = 0, (0−) η and η′ physical states. In the present approach, then, the η and η′
states will be described by pure qq¯ and ss¯ collective TDA and RPA states. However, we will explore a flavor mixing
procedure, following [34], in the subspace {0−, (0, 0)}, i.e., for pseudoscalar η, η′ states. In the case of the ω, φ and
f0 mesons, related to the subspaces {1−, (0, 0)} and {0+, (0, 0)}, respectively, the more common description of these
states in the literature is as pure flavorless states.
For the TDA and RPA results presented here, we have used Ncut = N0 = 3 (the renormalization procedure for
higher Ncut is shown in Section III B and Appendix E). In Table I, we show the values of the quark masses and
interaction parameters used in both calculations. For a quantitative evaluation of the importance of the Coulomb
potential −α|x−y| (not considered in [29]) with respect to the linear potential β|x − y|, we also compare the results of
the calculations with α = 0 to those with α 6= 0.
For Ncut = N0 = 3, we fit the parameters of the model in such a way that the RPA calculation reproduces the
pion mass (139 MeV) as close as possible, while the rest of the RPA spectrum (i.e., pseudoscalar, vector and scalar
mesons) is a consequence of this fit.
Set \parameters mu,d[GeV ] ms[GeV ] α β[GeV 2]
1 0.05 0.31 0.0 0.40
2 0.05 0.31 0.16 0.40
TABLE I: Parameters α and β of the interaction V (|x − y|) and the masses of the u,d and s quarks, used for the TDA and
RPA calculations. We have set the harmonic oscillator length to 1/
√
B0 = 0.75fm.
We shall now briefly comment on the determination of the C-parity of the states under consideration. Given that
we restrict our calculations to the j = 12 sector of the basis, the orbital angular momentum for each quark can only
be zero or one. Thus, in the relative motion (see Appendix B), the two orbital angular momenta can only couple to
the total relative orbital angular momentum lr =0, 1 or 2. The spin S of the quark-antiquark pair can be zero or
one, so that the possible values of the total spin J are J = lr ± 1 and J = lr for S = 1, and J = lr for S = 0. The
parity of a state is given by P = −(−1)lr , where the extra minus sign is due to the relative intrinsic parities of the
quark and antiquark. In particular, when J and P are defined, one also knows whether J = lr or J = lr ± 1. When
one applies the charge conjugation operator to, for example, a uu¯ state, one obtains u¯u. In order to relate the latter
state to the former, one has to exchange the two fermions (giving a factor (−1)), including their positions ((−1)lr )
and their spins (a factor of −(−1)S). The eigenvalue C is the product of these factors, giving C = (−1)lr+S . With
this, we can deduce the C-parity of the states of interest:
i) Pseudoscalars, JP = 0−: This implies that lr is even, i.e., that lr is zero, because for lr = 2, and considering that
the spin can maximally be one, the value J = 0 cannot be reached. Then S has to be zero, too, because lr = 0 and
S = 1 would give J = 1. When lr = S = 0, the C-parity is positive.
ii) Vector mesons, JP = 1−: Because of the negative parity, lr has to be even, i.e., lr is 0 or 2. In both cases, S has
8to be one in order to get J = 1, hence C = −.
iii) Scalars, JP = 0+: Because P is positive, lr has to be odd. It follows that lr = 1 and S = 1, i.e., C = +.
Pseudoscalar mesons.
For the pseudoscalar mesons four diagonalizations are involved, one for each subspace (Y, T ), however, the sectors
(±1, 12 ) exhibit the expected degeneracy and the number of diagonalizations can be reduced to three. Since we are not
making any distinction at the moment between charged and neutral mesons, we report one pion- and one kaon-like
state, corresponding to the lowest eigenvalue obtained for T = 1 and T = 12 , respectively. The η- and η
′-like states in
Table II are pure qq¯ and ss¯ states respectively, i.e., no flavor mixing [35, 36] has been implemented.
State Exp. TDA(Set1) TDA(Set2) RPA(Set1) RPA(Set2)
pi 139 249 245 145 136
K 495 468 465 468 465
η 547 249 245 145 136
η′ 957 688 687 670 668
TABLE II: Experimental pseudoscalar meson masses [MeV] compared to both TDA and RPA results, for the parameters given
in Table I.
From Table II, it can be seen that the T = 0 and T = 1 subspaces are affected by the influence of the ground state
correlations, while the T = 12 subspace remains unchanged. In particular, the RPA pion-like state is improved with
respect to the TDA one, and is in good agreement with the experimental value. The reported pseudoscalar kaon mass
is well reproduced in this approach, contrary to the case of Ref. [29], see Figure 1.
In Table II, we show the results for the η and η′ mesons as TDA and RPA collective states built from pure qq¯ and
ss¯ states, respectively. As we have explained before, the interactions that are responsible for the mixing of the qq¯ and
ss¯ states are missing in the effective Hamiltonian (2). A proper dynamical implementation of flavor mixing is beyond
the purpose of the present work. Our pure qq¯ and ss¯ states, associated with the description of the η and η′ states,
share some similarities with the states obtained in Ref. [29] and are compared with the latter in Figure 1.
For the sake of completeness, we shall add a few more remarks on the issue of flavor mixing. In the presence of
dynamical gluons, a color singlet quark-antiquark pair can be virtually annihilated into gluons which subsequently
create a new color singlet quark-antiquark pair, not necessarily with the same flavor. In full QCD, a qq¯ state can thus
be converted into a ss¯ state and vice versa. The same mechanism also produces qq¯ states from qq¯ states and ss¯ states
from ss¯ states. The amplitudes for these virtual annihilation processes are approximately flavor-independent.
An effective description of flavor mixing in the subspace of the qq¯ and ss¯ states has been suggested a long time ago
in Ref. [34]. In the present context, we would only include the first qq¯ and ss¯ states of the TDA or RPA solutions
and consider them as a type of effective degrees of freedom. Notice that by doing so, we are clearly imposing a severe
restriction, because if we preserve the TDA and RPA mappings from the quark-antiquark basis to the phonon basis,
any sort of added interaction should affect all the solutions and not only the η- and η′-like solutions.
In its simplest form, the effective Hamiltonian restricted to the subspace of the (lowest-lying) qq¯ and ss¯ states is
given by the 2× 2 matrix [29, 34] (
Mqq¯ + 2HFM
√
2HFM√
2HFM Mss¯ +HFM
)
. (17)
The massesMqq¯ andMss¯ in (17) correspond to the lowest, TDA or RPA, qq¯ and ss¯ eigenvalues of the Hamiltonian (2),
in the subspace {0−, (0, 0)}. Their values are shown in Table II. The parameterHFM represents the flavor-independent
amplitude of the virtual annihilation processes and will simply be adjusted to the data. The factors of two and
√
2
multiplying HFM are a consequence of the fact that we do not distinguish between uu¯ and dd¯ states in the present
formulation. In this context, the qq¯ state is to be identified with the isospin singlet state |qq¯〉 = 1√
2
(|uu¯〉+ |dd¯〉). The
eigenvalues of the flavor mixing matrix (17) are given by
E± =
1
2
(
Mqq¯ +Mss¯ + 3HFM ±
√
9H2FM + 2HFM (Mqq¯ −Mss¯) + (Mqq¯ −Mss¯)2
)
. (18)
In Table III, we show the fit to the experimental masses, for both TDA and RPA frameworks, and the corresponding
values of the phenomenological parameter HFM .
9State Exp. TDA(Set2) HFM RPA(Set2) HFM
η 547 436 154 356 170
η′ 957 958 154 958 170
TABLE III: Experimental and flavor-mixed TDA and RPA results, for the η and η′ masses [MeV].
For a complete dynamical description of the flavor mixing processes in the Coulomb gauge formalism, dynamical
gluon degrees of freedom would have to be included in the effective Hamiltonian (see Eq. (1)) to allow for transitions
between quark-antiquark and multi-gluon states. Such an extension is left for future work.
Vector mesons.
For the vector mesons calculated with the masses and coupling constants listed in Table I, we have obtained the
TDA and RPA results shown in Table IV.
State Exp. TDA(Set1) TDA(Set2) RPA(Set1) RPA(Set2)
ρ 770 688 687 677 676
ω 782 688 687 677 676
K∗ 892 941 942 941 942
φ 1020 1144 1147 1142 1145
TABLE IV: Experimental vector meson masses [MeV] compared to both TDA and RPA results, for the parameters given in
Table I.
The TDA and RPA eigenvalues are in good correspondence with the experimental data. The energy differences
between the experimental vector masses and our TDA and RPA results are at about 5 − 12%. When assessing the
success of the method, one should take the simplicity of the procedure and the low computational cost into account.
In Table IV, we show the results for the ω and φ mesons as TDA and RPA collective states built by pure qq¯ and
ss¯ states, respectively. The latter is the most common description for these states in the literature. In [37], a flavor
mixing mechanism was used to describe these states, the resulting mixing angle was very small, in agreement with
the picture of pure states. In the present approach the effects of an additional interaction, similar to that described
for the pseudoscalar states could yield a better agreement with the ρ and φ experimental masses, but should be small.
In Figure 1, we show the RPA results obtained with the Set-2 of parameters, i.e., the results that better reproduce
the pion energy, compare them to the non-perturbative approach published in [29] and to the experimental values
[33]. As can be seen from Figure 1, the experimental mass of the pseudoscalar kaon is well reproduced in the present
approach, and much less satisfactorily so in [29]. In general, our results for the kaon-like states, for JP = 0−, 1− (and
0+, see below), are in good correspondence with the experimental values, once the pion-like state is fitted
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FIG. 1: RPA pseudoscalar and vector results of Set-2 compared with those obtained in Ref. [29] and with experimental data.
It is apparent from the results shown in Figure 1 that several features of the pseudoscalar and vector meson spectrum
are reproduced, like those associated with the spin and flavor-isospin dependence, see also Tables II and IV. The energy
difference between vector and pseudoscalar mesons with the same flavor-isospin (quark content) but different spin,
like ρ and π or the K∗ and K states, are reproduced satisfactorily, while the energy difference between mesons with
the same spin but different flavor-isospin, like K and π or K∗ and ρ, are reproduced acceptably. These spin and
flavor-isospin dependence effects seem to be hidden in the QCD Hamiltonian of Eq. (1) as well as in the effective
color-confining interaction of Eq. (2). The main differences between our calculated spectrum and the experimental
one are in the η and η′ sector.
Scalar mesons.
We have performed the same analysis as for the pseudoscalar and vector states also for the scalar states. The scalar
mesons below 1 GeV are very controversial [33, 38, 39], given that the scalar resonances are difficult to identify because
some of them have large decay widths, which cause a strong overlap between resonances and background. However,
a few scalar mesons are listed in the PDG [33]. Their quantum numbers T (JP ) and widths are: for the quantum
numbers 12 (0
+), the K∗0 (800) (or κ) with a width of 547 MeV; for 1(0
+), the a0(980) with a width of 50− 100 MeV;
and for 0(0+), the f0(500) (or σ) with a width of 400− 700 MeV and the f0(980) with a width of 10− 100 MeV.
In Table V, we present the scalar TDA and RPA results with masses approximately 1 GeV. In the subspace with
(Y, T ) = (0, 0), the f0(500) is the first TDA and RPA predicted pure qq¯ state, while the f0(980) is the first predicted
pure ss¯ state. In [40], the possibility that the f0(500) and f0(980) were related was analized. The reported mixing
angle was about 19◦. This picture is not that far from the pure qq¯ and ss¯ description presented in Table V. However,
our TDA and RPA results indicate that a sizeable flavor mixing would be needed to arrive at a satisfactory description
of the experimental f0 masses.
For the case of states with T = 12 and T = 1 i.e., K
∗
0 and a0, respectively, we show in Table V the TDA and RPA
results which are closest to the experimental values. The other states obtained in these subspaces with energies up
to 1 GeV are discussed below.
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State Average TDA(Set1) TDA(Set2) RPA(Set1) RPA(Set2)
f0(500) (400-500) 259 256 154 145
K∗0 (800) 682 789 788 789 788
f0(980) 990 701 700 684 683
a0(980) 980 903,1001 910,1005 870,961 877,965
TABLE V: Experimental scalar meson masses in units of [MeV] [33], compared to both TDA and RPA results, for the Set-2 of
parameters given in Table I. The average values are also taken from [33].
The average values given in Table V account for the large number of results reported in the literature.
It has been argued that the T (JP ) = 0(0+)-states f0(500) and f0(980) have some similarities to the T (J
P ) =
0(0−)-states η(547) and η′(957). Particularly, their reported masses are almost the same. In the present approach,
although the TDA and RPA eigenvalues are lower than the experimental values, similarities in the masses between
the pseudoscalar and scalar states belonging to the subspaces (Y, T ) = (0, 0) are also observed in Tables II and V.
In [29], the reported TDA and RPA energy differences between the f0 states are 447 MeV and 513 MeV, respectively.
In the present approach, the same differences, for the Set-2 of parameters of Table I, are 444 MeV and 538 MeV,
respectively. These results are in good agreement with the energy difference between the experimental f0 masses,
which is 480 MeV.
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FIG. 2: Results for scalar mesons of Set-2 in the RPA framework, compared with experimental data.
The RPA results for scalar mesons obtained in Table V for Set-2 of Table I, are compared in Figure 2 with the
scalar states reported in Ref. [29] and with the experimental values. In our approach, the clearest identification can
be made in the sector with (Y, T ) = (±1, 12 ), i.e., for the scalar kaon states. For the K∗0 (800) or κ meson, several
experimental data are reported [33]. The theoretical predictions for this state range from 594 MeV to 905 MeV, while
the experimental values locate it between 706 and 855 MeV. In our TDA and RPA calculations, we find one state
at about 800 MeV. Finally, for the scalar meson with (Y, T ) = (0, 1), we find two states that fit very well with the
a0(980), however, it is hard to say at this time whether the physical a0 state could correspond to one of these states,
or even a mixture of them.
As we have mentioned before, one qq¯ state and one ss¯ state have been used to describe the f0- and f
∗
0 -like states,
respectively. As can be seen from Figure 2, the results obtained in [29] do not show a second f0 state below 1 GeV,
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and their f0 and a0 states are degenerate. In our calculations, the f0- and a0-like states belong to different subspaces.
The subspace containing the a0-like state does not allow ss¯-quark representations.
The understanding of the structure of the rather controversial scalar states requires, in addition, the calculation
of their widths, something that is beyond the scope of the present work. Such a calculation will also provide some
insights about one state that appears in the (Y, T ) = (±1, 12 )-sector of the TDA and RPA results at about 480 MeV,
and two states in the (Y, T ) = (0, 1)-sector located at about 200 and 550 MeV, respectively. These states could be
background states to those reported in Table V, which may lead to a very broad state rather than a sharp one.
B. Renormalization of the parameters.
In this section we briefly discuss the numerical renormalization of the masses and interaction strengths. As we
mentioned in Section IIA, in order to maintain the observables unchanged, we need to renormalize the quark masses
and the couplings of the Hamiltonian when the cut-off (Ncut) of the harmonic oscillator basis is increased. In Appendix
E, we explain the philosophy of the renormalization and the ansatz used to renormalize the quark masses and the
couplings in more detail.
In Table VI, we show the variation of the masses and interaction parameters with the cut-off that maintains the
single-particle energies, (εk,j,Y,T with j =
1
2 ) for each flavor-isospin, i.e., m
eff
q = ε1, 1
2
,± 1
2
, 1
2
and meffs = ε1, 1
2
,0,0,
invariant. As a result, the RPA spectrum also remains approximately invariant.
Ncut mq[GeV ] ms[GeV ] α β[GeV
2] meffq [GeV ] m
eff
s [GeV ] piRPA[GeV ]
3 0.050 0.310 0.16 0.40 0.258 0.400 0.136
5 0.142 0.337 0.23 0.28 0.258 0.400 0.136
7 0.173 0.351 0.29 0.22 0.258 0.400 0.137
9 0.191 0.360 0.33 0.19 0.258 0.400 0.138
11 0.202 0.367 0.38 0.17 0.258 0.400 0.138
13 0.210 0.371 0.42 0.15 0.258 0.400 0.137
TABLE VI: Numerical renormalization of the masses and interaction parameters.
As an example, we show in Table VI the mass of the RPA pion-like state as a function of the cut-off. The mass of
this state remains approximately constant, while the quark masses and the couplings change according to
mfNcut = m
f
N0
√
xfNcut (19)
and
αNcut = αN0
√
xNcut
βNcut = βN0/
√
xNcut (20)
with xNcut ≈ 1+t1 (Ncut −N0)t2 and xfNcut ≈ 1+t
f
1 (Ncut −N0)t
f
2 , respectively. The superscript f = q, s distinguishes
between the up, down (q = u = d) and strange (s) quarks.
In Figure 3, we show the dimensionless values m˜q =
mNcutq
m
N0
q
, m˜s =
mNcuts
m
N0
s
, α˜ =
αNcut
αN0
and β˜ =
βNcut
βN0
as functions of
the cut-off.
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FIG. 3: Renormalization of the masses and interaction constants as a function of Ncut.
The values for the parameters t1, t2, t
f
1 , t
f
2 are listed in Table VII.
t1 t2 t
q
1
tq
2
ts1 t
s
2
0.49 1.08 5.17 0.52 0.13 0.52
TABLE VII: Numerical fits for the parameters of the renormalization functions in Eqs. (19) and (20).
Based on the results of Table VII, the renormalization of the parameters can be written in the simpler form
mfNcut = m
f
N0
√
1 + tf1 (Ncut −N0)
1
2
αNcut = αN0
√
1 +
1
2
(Ncut −N0)
βNcut =
βN0√
1 + 12 (Ncut −N0)
. (21)
IV. CONCLUSIONS
We have applied standard many-body methods, adapted from the nuclear many-body problem, to a simplified
effective QCD Hamiltonian suitable for the description of low-lying mesons. The interaction between color-charge
densities was approximated by a combination of a Coulomb plus linear confining potential, which takes the gluon
contribution into account in an effective way. We have used the harmonic oscillator wave functions as a basis for the
quantization of the fermion fields. It was shown that this basis is quite convenient for the calculations.
A prediagonalization of the kinetic energy term was performed, which provided a basis where effective quarks and
antiquarks operators could be defined. We deduced all the expressions for the QCD-motivated Hamiltonian in this
effective basis. Then, the Hamiltonian was diagonalized in the basis of quark and antiquark pairs, by means of both
the Tamm-Dancoff Approximation (TDA) and the Random Phase Approximation (RPA). The building blocks in this
part of the calculation are effective quarks and antiquarks coupled to color singlets. The meson spectrum below 1
GeV was calculated for configurations belonging to subspaces with quantum numbers {JP , (Y, T )} of pseudoscalar,
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vector and scalar states. In the subspaces with (Y, T ) = (0, 0), the simplified version of the color confining interaction
used in this approach, was not able to generate dynamical flavor mixing.
For the meson-like states we obtain the following results:
i) The pion-like state of the RPA scheme, when the parameter α of the interaction is different from zero, is in better
agreement with the experimental value than the TDA one, for the same parametrization. This is due to the ground
state correlations present in the RPA framework.
ii) The kaon-like states are well reproduced. These states are not influenced by the ground state correlations due to
the scalar structure of the RPA vacuum in the flavor-isospin channel.
iii) In this description, we were able to accommodate scalar mesons. This may contribute to clarify the controversies
found in the literature about these states.
iv) Besides the η- and f0-like states, which in the RPA scheme are quite low with respect to the data, the rest of the
light meson spectrum is well reproduced, as shown in Figures 1 and 2. The difficulty with the η- and f0-like states
is a clear indication of the lack of a dynamical flavor mixing term in the Hamiltonian used here. To incorporate the
corresponding virtual pair annihilation processes in our approach would require the introduction of dynamical gluonic
degrees of freedom, so that the Hamiltonian could allow for a mixing of quark-antiquark states with states of at least
two dynamical gluons.
In the present approach, we have adjusted the parameters by fitting the pion-like state within the RPA scheme
to the experimental value. The rest of the spectrum is a consequence of such a fit, because we have not performed
further adjustment of the masses and couplings appearing in the model.
The renormalization procedure of the parameters in terms of the cut-off of the configurational space, Ncut, was
presented in Section III B and Appendix E. We have shown that after the renormalization, the RPA results are weakly
dependent on the cut-off.
The present work shows that the TDA and RPA many-body methods can give valuable insight into the non-
perturbative regime of QCD. The procedure described here provides a straightforward manner to calculate the com-
plete spectrum of hadron states, and it can be extended towards more complete effective descriptions of QCD.
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Appendix A: The kinetic energy and the effective basis
The kinetic energy in terms of the creation and annihilation operators in the harmonic oscillator basis is given by
[25]
K =
∑
jτiNili
∑
mcf
Kj,T
τ1(N1l1),τ2(N2l2)
q
†
τ1(N1l1)jmcf
qτ2(N2l2)jmcf , (A1)
where the matrix elements are
Kj,T
τ1(N1l1),τ2(N2l2)
=


kjN1N2 if l1 = j +
1
2 , l2 = j − 12 , τ1 6= τ2
kjN2N1 if l1 = j − 12 , l2 = j + 12 , τ1 6= τ2
mT0 if (N1l1) = (N2l2) , τ1 = τ2 = +
1
2−mT0 if (N1l1) = (N2l2) , τ1 = τ2 = − 12
0 in all other cases
, (A2)
and kjNN ′ is defined as [25]
kjNN ′ =
√
B0


√
N − j + 32
2
δN ′,N+1 +
√
N + j + 32
2
δN ′,N−1

 . (A3)
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The diagonalization of the kinetic energy implies a transformation to a new basis of creation operators
q
†
τ(Nl)jmcf =
∑
λpik
(
αj,T
τ(Nl),λpik
)∗
Q
†
λpikjmcf δpi,(−1) 12−τ+l , (A4)
where we may take the transformation coefficients αj,T
τ(Nl),λpik to be real.
After the prediagonalization in Eq. (6), the association with quarks and antiquarks is, according to the Dirac
picture,
Q
†
1
2
pikjmcf
→ b†pikjmcf
Q
†
− 1
2
pikjmcf
→ dpikjmcf . (A5)
The operator b†pikjmcf is a quark creation operator and dpikjmcf an antiquark annihilation operator with lower indices.
The rule to raise and lower indices is taken from [41],
b†pikjmc¯f¯ = (−1)χf (−1)χc+j+mb†pikj−mcf
b
†
pikjmcf = (−1)χf (−1)χc+j−mb†pikj−mc¯f¯
bpikjmcf = (−1)χf (−1)χc+j−mbpikj−mc¯f¯
bpikjmc¯f¯ = (−1)χf (−1)χc+j+mbpikj−mcf , (A6)
and similarly,
d†pikjmcf = (−1)χf (−1)χc+j+md†
pikj−mc¯f¯
d
†
pikjmc¯f¯
= (−1)χf (−1)χc+j−md†pikj−mcf
dpikjmc¯f¯ = (−1)χf (−1)χc+j−mdpikj−mcf
dpikjmcf = (−1)χf (−1)χc+j+mdpikj−mc¯f¯ . (A7)
The phase (−1)χf is a short hand notation for (−1) 13+Y2 +Tz [31]. The equivalent notation holds for the color part.
Since we require a unitary transformation which conserves the anti-commutation relations{
Qλ1pi1k1j1µ1 ,Q†λ2pi2k2j2µ2
}
= δλ2λ1δpi2pi1δj2j1δk2k1δµ2µ1 with µi = micifi, we have
{
qτ1(N1l1)jm1c1f1 , q†
τ2(N2l2)jm2c2f2
}
= δτ2τ1δN2N1δl2l1δm2m1δc2c1δf2f1
=
∑
λpik
αj,T1
τ1(N1l1),λpik
αj,T2
τ2(N2l2),λpik
δm2m1δc2c1δf2f1 , (A8)
where δf2f1 is a short notation for δY2Y1δT2T1δT2zT1z . Thus the matrix α is unitary and satisfies the orthogonality
relation ∑
λpik
αj,T
τ1(N1l1),λpik
αj,T
τ2(N2l2),λpik
= δτ2τ1δN2N1δl2l1 . (A9)
Appendix B: The Coulomb-Hamiltonian
The Coulomb Hamiltonian in (2) is written in terms of the fermion creation and annihilation operators of Eq. (3).
The SU(3) color generators TC and T
C in Eq. (2) are rewritten in terms of SU(3) Clebsch-Gordan coefficients [31].
Starting from (TC)
c1
c2
= 〈(1, 0)c1 | TC | (1, 0)c2〉 and applying the Wigner Eckart Theorem, we obtain
(TC)
c1
c2
= (−1)χc2+1 1√
2
〈(1, 0)c1, (0, 1)c¯2 | (1, 1)C〉1 . (B1)
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The Coulomb Hamiltonian then takes the form
HCoul = −1
2
∑
C
∑
τiNilimli jimiσifici
(−1)χC δτ1τ2δτ3τ4δσ1σ2δσ3σ4δf1f2δf3f4
×
[
〈l1ml1 ,
1
2
σ1 | j1m1〉〈l2ml2 ,
1
2
σ2 | j2m2〉 (−1)
χc2+1√
2
〈(10)c1, (01)c¯2 | (11)C〉1q†τ1(N1l1)j1m1c1f1q
τ2(N2l2)j2m2c2f2
]
×
[
〈l3ml3 ,
1
2
σ3 | j3m3〉〈l4ml4 ,
1
2
σ4 | j4m4〉 (−1)
χc4+1√
2
〈(10)c3, (01)c¯4 | (11)C¯〉1q†τ3(N3l3)j3m3c3f3qτ4(N4l4)j4m4c4f4
]
×
∫
dxdyΨ∗N1l1ml1 (x)ΨN2l2ml2 (x)V (| x− y |)Ψ
∗
N3l3ml3
(y)ΨN4l4ml4 (y) , (B2)
where ΨNlml(x) are the three-dimensional harmonic oscillator wave functions. In Eq. (B2), the presence of δτ1τ2δτ3τ4 ,
δσ1σ2δσ3σ4 and δf1f2δf3f4 arises from the color charge-density structure which does not contain any pseudospin, spin
or flavor-isospin dependence.
Let us concentrate for a moment on the integral over x and y. By recoupling we obtain∑
J′M ′jJMJ
〈l1ml1 , l3ml3 | J ′M ′J〉〈l2ml2 , l4ml4 | JMJ〉
×
∫
dxdy
[
Ψ∗N1l1(x)⊗Ψ∗N3l3(y)
]J′
M ′J
V (| x− y |) [ΨN2l2(x)⊗ΨN4l4(y)]JMJ . (B3)
Using the Moshinsky brackets (round brackets) [42, 43] for recoupling the integral in Eq. (B3), we get
∑
N ′rl
′
rNrlr;N
′
R
L′
R
NRLR
(N ′rl
′
r, N
′
RL
′
R, J
′ | N1l1, N3l3, J ′)(Nrlr, NRLR, J | N2l2, N4l4, J)
×
∫
drdR
[
Ψ∗N ′
R
L′
R
(R)⊗Ψ∗N ′rl′r(r)
]J′
M ′
J
V (
√
2r) [ΨNRLR(R)⊗ΨNrlr (r)]JMJ , (B4)
where R = 1√
2
(x+ y) refers to the Center of Mass (CM) and r = 1√
2
(x− y) to the relative coordinate. Since in the
last equation the potential is R-independent, we can easily integrate over R. Then the integral in Eq. (B4) becomes
∑
M ′RMR;m
′
rmr
〈L′RM ′R, l′rm′r | J ′M ′J〉〈LRMR, lrmr | JMJ〉
∫
dRΨ∗N ′
R
L′
R
M ′
R
(R)ΨNRLRMR(R)
∫
drΨ∗N ′rl′rm′r (r)V (
√
2r)ΨNrlrmr(r)
= δN ′
R
NRδL′RLR
∑
MR;m′rmr
〈LRMR, l′rm′r | J ′M ′J〉〈LRMR, lrmr | JMJ〉
∫
drΨ∗N ′rl′rm′r (r)V (
√
2r)ΨNrlrmr(r) . (B5)
Since V is a scalar, we have as an additional constraint that l′r = lr and m
′
r = mr. The integral itself does not
depend on mr, thus we can replace mr by lr. With this replacement, the summation over MR,m
′
r,mr with the
two Clebsch-Gordan coefficients becomes a summation over MR,mr and represents the orthogonality relation of the
Clebsch-Gordan coefficients, thus leading to δJ′JδM ′
J
MJ .
With all this, equation (B3) takes the form∑
JMJ ;N ′rNrlr;NRLR
〈l1ml1 , l3ml3 | JMJ〉〈l2ml2 , l4ml4 | JMJ〉
× (N ′rlr, NRLR, J | N1l1, N3l3, J)(Nrlr, NRLR, J | N2l2, N4l4, J)
∫
drΨ∗N ′rlrlr (r)V (
√
2r)ΨNrlrlr (r) . (B6)
17
Using (B6), the Hamiltonian (B2) can be written
HCoul = −1
2
∑
Nilimli jimiσi
∑
JMJN ′rNrlrNRLR
δσ1σ2δσ3σ4
1
2
〈l1ml1 ,
1
2
σ1 | j1m1〉〈l2ml2 ,
1
2
σ1 | j2m2〉
×〈l3ml3 ,
1
2
σ3 | j3m3〉〈l4ml4 ,
1
2
σ3 | j4m4〉〈l1ml1 , l3ml3 | JMJ〉〈l2ml2 , l4ml4 | JMJ〉
×(N ′rlr, NRLR, J | N1l1, N3l3, J)(Nrlr, NRLR, J | N2l2, N4l4, J)
∫
drΨ∗N ′rlrlr(r)V (
√
2r)ΨNrlrlr (r)
×
{∑
C
(−1)χC
∑
ciτifi
δτ1τ2δτ3τ4 δf1f2δf3f4〈(10)c1, (01)c¯2 | (11)C〉1〈(10)c3, (01)c¯4 | (11)C¯〉1 (−1)
1
2
−τ2+ 12−τ4
×(−1)j2−m2+j4−m4(−1)χf2+χf4 q†
τ1(N1l1)j1m1c1f1
q−τ2(N2l2)j2−m2c¯2f¯2q
†
τ3(N3l3)j3m3c3f3
q−τ4(N4l4)j4−m4 c¯4f¯4
}
.
(B7)
The phase (−1)χc2+χc4 appearing in Eq. (B2) is canceled in Eq. (B7) against the same phase resulting from lowering
the indices of the operators. The remaining (−1)χC phase is proportional to the SU(3) coupling to color zero, where
the factor 1/
√
8 is missing. The contraction over τi (i.e., (−1) 12−τ2δτ1τ2) and fi (i.e., (−1)χf2 δf1f2) also represents
a coupling to zero, without the factor 1/
√
2 in the first case and the factor 1/
√
3 in the second case. Correcting for
these factors, we have for the expression {....} in Eq. (B7),{
....
}
=
∑
LML
(−1)j2−m2+j4−m4(
√
2)2(
√
3)2
√
8〈j1m1, j2 −m2 | LML〉〈j3m3, j4 −m4 | L−ML〉 (−1)
L−ML
√
2L+ 1
×
[[
q
†
(N1l1)j1
⊗ q(N2l2)j2
]0L(11)(00)
⊗
[
q
†
(N3l3)j3
⊗ q(N4l4)j4
]0L(11)(00)]00(00)(00)
00 0 0
. (B8)
The intermediate and total couplings are ordered in the following way: pseudo-spin, angular momentum, color and
flavor.
As a result, we can rewrite the Coulomb Hamiltonian (Eq. (B2)) as
HCoul = −1
2
∑
NilimlijimiσiLML
∑
JMJN ′rNrlrNRLR
1
2
(
√
2)2(
√
3)2
√
8(−1)j2−m2+j4−m4 (−1)
L−ML
√
2L+ 1
× 〈l1ml1 ,
1
2
σ1 | j1m1〉〈l2ml2 ,
1
2
σ1 | j2m2〉〈j1m1, j2 −m2 | LML〉
× 〈l3ml3 ,
1
2
σ3 | j3m3〉〈l4ml4 ,
1
2
σ3 | j4m4〉〈j3m3, j4 −m4 | L−ML〉
× 〈l1ml1 , l3ml3 | JMJ〉〈l2ml2 , l4ml4 | JMJ〉
× (N ′rlr, NRLR, J | N1l1, N3l3, J)(Nrlr, NRLR, J | N2l2, N4l4, J)
∫
drΨ∗N ′rlrlr (r)V (
√
2r)ΨNrlrlr(r)
×
[[
q
†
(N1l1)j1
⊗ q(N2l2)j2
]0L(11)(00)
⊗
[
q
†
(N3l3)j3
⊗ q(N4l4)j4
]0L(11)(00)]00(00)(00)
00 0 0
. (B9)
Using the well-known relations for the sums of the products of three and four Clebsch-Gordan coefficients [44], we
arrive at the final expression for the Coulomb interaction,
HCoul = −1
2
∑
NilijiL
V L{Niliji}
[[
q
†
(N1l1)j1
⊗ q(N2l2)j2
]0L(11)(00)
⊗
[
q
†
(N3l3)j3
⊗ q(N4l4)j4
]0L(11)(00)]00(00)(00)
00 0 0
, (B10)
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with
V L{Niliji} =
∑
JN ′rNrlrNRLR
3
√
8
√
(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)
√
2L+ 1(2J + 1)
× (−1)L+j2+j4−J+1
{
l1 L l2
j2
1
2 j1
}{
l3 L l4
j4
1
2 j3
}{
l2 J l4
l3 L l1
}
× (N ′rlr, NRLR, J | N1l1, N3l3, J)(Nrlr, NRLR, J | N2l2, N4l4, J)
∫
d3rΨ∗N ′rlrlr (~r)V (
√
2r)ΨNrlrlr (~r) .
(B11)
The integral over r in Eq. (B11) is a standard one for the three-dimensional harmonic oscillator. Note that this is
an analytic expression which is easy to compute.
Appendix C: The TDA and RPA methods.
The RPA method can be seen as a direct extension of the TDA method where the collective ph-operator is written
(using the notation of Eq. (14)) as
Γˆ†n;Γµ =
∑
a,b
Xnab;Γ[b
†
ad
†
b¯
]Γµ , (C1)
which restricts the approximation to the space of 1p − 1h excitations, relevant for low-lying states. The nth TDA
excited state is given by |n; Γµ〉 = Γˆ†n;Γµ|0˜〉, and the ground state satisfies Γˆn;Γµ|0˜〉 = 0.
The TDA equation of motion is
∑
a,b
〈0˜|
[(
[b†a′d
†
b¯′
]Γ
′
µ′
)†
,
[
HQCD, [b†ad
†
b¯
]Γµ
]]
|0˜〉Xnab;Γ = ETDAn;Γ′ Xna′b′;Γ′δΓ′Γδµ′µ , (C2)
where the 1p− 1h correlations are taken into account in the excited states, keeping the ground state |0˜〉 unchanged,
and (
[b†ad
†
b¯
]Γµ
)†
=
(
[b†piakajaYaTa ⊗ d
†
pibkbjbY¯b,Tb
]
JP ,(0,0),Y T
MJ , 0, Tz
)†
=
∑
ma,ca,Taz
∑
mb,cb,Tbz
〈jama, jb −mb | JMJ〉〈(10)ca, (01)c¯b | (0, 0)0〉1〈TaTaz, Tb − Tbz | TTz〉
× dpibkbjb−mb,c¯bY¯b,Tb−Tbz bpiakajama,ca,Ya,TaTaz
= 〈aµa, b¯µ¯b|Γµ〉db¯µ¯bbaµa = [db¯ba]Γµ , (C3)
where we have used the short-hand notation 〈aµa, b¯µ¯b|Γµ〉 for the product of the spin, color and isospin-flavor
Clebsch-Gordan coefficients. Notice that, whenever the coupling involves upper single-particle indices, we use the
Clebsch-Gordan coefficients in the inverted order. This is done for convenience, in order to absorb phases.
The most straightforward generalization of the collective 1p − 1h-operator is the RPA. The phonon creation and
annihilation operators are defined as
Γˆ†n;Γµ =
∑
a,b
{
Xnab;Γ[b
†
ad
†
b¯
]Γµ − Y nab;Γ(−1)φΓµ [db¯ba]Γ¯µ¯
}
(C4)
and
Γˆn;Γµ =
∑
a,b
{(
Xnab;Γ
)∗
[db¯ba]Γµ −
(
Y nab;Γ
)∗
(−1)φΓµ [b†ad†b¯]Γ¯µ¯
}
, (C5)
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respectively. The nth RPA state with quantum numbers Γµ is constructed as |n; Γµ〉RPA = Γˆ†n;Γµ|RPA〉. The RPA
ground state |RPA〉 is constructed in such a way that the condition Γˆn;Γµ|RPA〉 = 0 is fulfilled, i.e.,
|RPA〉
= |0˜〉+
∑
n,Γ
∑
a′b′ab
Zn,Γa′b′,ab
[
[b†a′d
†
b¯′
]Γ ⊗ [b†ad†b¯]Γ¯
]0,(0,0),00
0, 0, 0
|0˜〉
= |0˜〉+
∑
n,Γ
∑
a′b′ab
Zn,Γa′b′,ab
∑
µ
(−1)φΓµ√
dim(Γ)
[b†a′d
†
b¯′
]Γµ[b
†
ad
†
b¯
]Γ¯µ¯|0˜〉
= |0˜〉+
∑
n,Γ
∑
a′b′ab
Zn,Γa′b′,ab
∑
MJTz
(−1)J−MJ√
2J + 1
(−1)T−Tz√
2T + 1
× [b†pia′ka′ ja′Ya′Ta′ ⊗ d
†
pib′kb′ jb′ Y¯b′ ,Tb′
]
JP ,(0,0),Y,T
MJ , 0, Tz
[b†piakajaYaTa ⊗ d
†
pibkbjbY¯b,Tb
]
JP ,(0,0),Y¯ ,T
−MJ ,0,−Tz |0˜〉 , (C6)
with
√
dim(Γ) =
√
2J + 1
√
2T + 1, (−1)φΓµ = (−1)J−MJ (−1)T−Tz and Zn,Γa′b′,ab =
√
dim(Γ)Y na′b′;Γ
(
Xnab;Γ
)−1
.
The equation of motion (HQCD|n,Γµ〉 = ERPAn,Γ |n,Γµ〉) in the RPA formalism is equivalent to the double commu-
tator
〈RPA|
[
Γˆn
′;Γµ,
[
HQCD,Γ†n;Γµ
]]
|RPA〉 = ERPAn;Γ δn,n′ , (C7)
with eigenvalues ERPAn;Γµ . Therefore, from Eq. (C7) we get two sets of equations which in matrix form can be written(
A B
B∗ A∗
)(
Xn
Y n
)
= ERPAn
(
1 0
0 −1
)(
Xn
Y n
)
, (C8)
with
Aa′b′;Γ′µ′; a,b;Γµ = 〈0˜|
[
[db¯
′
ba
′
]Γ
′
µ′ ,
[
HQCD, [b†ad
†
b¯
]Γµ
]]
|0˜〉 ,
Ba′b′;Γ′µ′; a,b;Γµ = −〈0˜|
[
[db¯
′
b
a′ ]Γ
′
µ′ ,
[
HQCD, (−1)φΓµ [db¯ba]Γµ¯
]]
|0˜〉 (C9)
being the forward and backward matrices of the RPA method, respectively. They are given explicitly in Appendix D.
To calculate the commutators in Eq. (C9) we enforce the quasi-boson approximation
〈RPA|
[
[db¯
′
b
a′ ]Γ
′
µ′ , [b
†
ad
†
b¯
]Γµ
]
|RPA〉 ≃ 〈0˜|
[
[db¯
′
b
a′ ]Γ
′
µ′ , [b
†
ad
†
b¯
]Γµ
]
|0˜〉 = δb′bδa′aδΓ′Γδµ′µ . (C10)
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Appendix D: The Forward and Backward matrices of the Effective QCD Hamiltonian.
The forward matrix elements are given by
Aa′b′;Γ′µ′; a,b;Γµ
= δΓΓ′δµµ′
∑
kjpiY T
ǫkjpiY T
× δpia′piaδpib′pibδka′kaδkb′kbδja′ jaδjb′ jbδYf′aYfa δYf′bYfb δTf′aTfa δTf′bTfb
(
δkkaδjjaδTfTfa δpipia + δkkbδjjbδTfTfa δpipib
)
− 1
2
δΓΓ′δµµ′
∑
λikipiijiYiTi
∑
L
√
8(2L+ 1)
9
V L{λipiikijiTi}
×
{
(δλ1, 12 δλ2,
1
2
δλ3, 12 δλ4,
1
2
)(δpi1pia′ δpibpib′ δpi2pi3δpi4pia) (δk1ka′ δkbkb′ δk2k3δk4ka) (δj1ja′ δjbjb′ δj2j3δj4ja)
×(δT1Ta′ δTbTb′ δT2T3δT4Ta)(δT1T2δT3T4) (δY1Ya′ δYbYb′ δY2Y3δY4Ya)(δY1Y2δY3T4) (−1)L−j2+ja
δjaja′
2ja + 1
+ (δλ1, 12 δλ2,
1
2
δλ3,− 12 δλ4,− 12 )(δpi1pia′ δpi4pib′ δpi2piaδpi3pib) (δk1ka′ δk4kb′ δk2kaδk3kb) (δj1ja′ δj4jb′ δj2jaδj3jb)
×(δT1Ta′ δT4Tb′ δT2TaδT3Tb)(δT1T2δT3T4) (δY1Ya′ δY4Yb′ δY2YaδY3Yb)(δY1Y2δY3T4) (−1)jb−ja+J
{
jb ja J
ja′ jb′ L
}
+ (δλ1,− 12 δλ2,− 12 δλ3, 12 δλ4, 12 )(δpi3pia′ δpi2pib′ δpi4piaδpi1pib) (δk3ka′ δk2kb′ δk4kaδk1kb) (δj3ja′ δj2jb′ δj4jaδj1jb)
×(δT3Ta′ δT2Tb′ δT4TaδT1Tb)(δT1T2δT3T4) (δY3Ya′ δY2Yb′ δY4YaδY1Yb)(δY1Y2δY3T4) (−1)jb−ja+J
{
jb ja J
ja′ jb′ L
}
+ (δλ1,− 12 δλ2,− 12 δλ3,− 12 δλ4,− 12 )(δpiapia′ δpi2pib′ δpi1pi4δpi3pib) (δkaka′ δk2kb′ δk1k4δk3kb) (δjaja′ δj2jb′ δj1j4δj3jb)
×(δTaTa′ δT2Tb′ δT1T4δT3Tb)(δT1T2δT3T4) (δYaYa′ δY2Yb′ δY1Y4δY3Yb)(δY1Y2δY3T4) (−1)L−j1+jb
δjbjb′
2jb + 1
+ (δλ1,− 12 δλ2, 12 δλ3, 12 δλ4,− 12 )(δpi3pia′ δpibpib′ δpi2piaδpi1pi4) (δk3ka′ δkbkb′ δk2kaδk1k4) (δj3ja′ δjbjb′ δj2jaδj1j4)
(δT3Ta′ δTbTb′ δT2TaδT1T4)(δT1T2δT3T4) (δY3Ya′ δYbYb′ δY2YaδY1Y4)(δY1Y2δY3T4) (−1)L+j1+ja
δjaja′
2ja + 1
+ (δλ1,− 12 δλ2, 12 δλ3, 12 δλ4,− 12 )(δpiapia′ δpi4pib′ δpi2pi3δpi1pib) (δkaka′ δk4kb′ δk2k3δk1kb) (δjaja′ δj4jb′ δj2j3δj1jb)
(δTaTa′ δT4Tb′ δT2T3δT1Tb)(δT1T2δT3T4) (δYaYa′ δY4Yb′ δY2Y3δY1Yb)(δY1Y2δY3T4) (−1)L+j2+jb
δjbjb′
2jb + 1
}
.
(D1)
The backward matrix elements are
Ba′b′;Γ′; a,b;Γ = − 1
2
δΓΓ′δµµ′
∑
λikipiijiYiTi
∑
L
√
8(2L+ 1)
9
V L{λipiikijiTi}
×{ (δλ1, 12 δλ2,− 12 δλ3, 12 δλ4,− 12 )(δpi3pia′ δpi2pib′ δpi1piaδpi4pib) (δk3ka′ δk2kb′ δk1kaδk4kb) (δj3ja′ δj2jb′ δj1jaδj4jb)
×(δT3Ta′ δT2Tb′ δT1TaδT4Tb)(δT1T2δT3T4) (δY3Ya′ δY2Yb′ δY1YaδY4Yb)(δY1Y2δY3T4)
{
jb′ j′a J
jb ja L
}
+(δλ1, 12 δλ2,− 12 δλ3, 12 δλ4,− 12 )(δpi1pia′ δpi4pib′ δpi3piaδpi2pib) (δk1ka′ δk4kb′ δk3kaδk2kb) (δj1ja′ δj4jb′ δj3jaδj2jb)
×(δT1Ta′ δT4Tb′ δT3TaδT2Tb)(δT1T2δT3T4) (δY1Ya′ δY4Yb′ δY3YaδY2Yb)(δY1Y2δY3T4)
{
jb′ j′a J
jb ja L
}
} .
(D2)
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Appendix E: Renormalization procedure.
In this appendix we elaborate on the renormalization of the quark masses mu,d, ms and the interaction parameters
α and β, at least approximately, when the cut-off, given by the maximal number of oscillation quanta Ncut ≥ N0, is
changed. We have selected a low-energy renormalization point denoted by N0 = 3, therefore in this renormalization
procedure Ncut always increases.
After the diagonalization of the kinetic term (Eqs. (6) and (7)), the Hamiltonian has the following structure
H =
∑
p
εpnp − α 1
r
+ βr , (E1)
where r is a short-hand notation for the linear interaction, 1r for the standard Coulomb interaction and εp is the
single-particle energy in the state p. The operator np is a short-hand notation for the sum of the quark and antiquark
number operators related to the state p.
The meson states we construct (approximately) fulfill the Schro¨dinger equation H | Ψi〉 = Ei | Ψi〉. We multiply
the equation from the left with 〈Ψi |, using the notation 〈...〉 for 〈Ψi | ... | Ψi〉, to arrive at
〈H〉Ncut =
∑
p
εNcutp 〈np〉Ncut − αNcut〈
1
r
〉Ncut + βNcut〈r〉Ncut , (E2)
where we have explicitly indicated the dependence of the expectation values on the cutoff Ncut. The first contribution
on the R.H.S. is the prediagonalized kinetic energy. Its eigenstates correspond to states of free motion and, if no
boundary condition is imposed, the eigenvalues have to be continuous. In this case the harmonic oscillator basis is
not good at all. However, we consider confined particles, and fixing the energy of the first single-particle state ε1 to
a definite value independent of Ncut (see Table VI) amounts to defining a scale or extension for the system, which is
proportional to the harmonic oscillator length 1√
B0
.
Now assume that, for a given value of the cut-off N0, the parameters of the Hamiltonian are adjusted to reproduce
some low lying state (e.g., the pion state). The expectation value of the Hamiltonian is then
〈H〉N0 =
∑
p
εN0p 〈np〉N0 − αN0〈
1
r
〉N0 + βN0〈r〉N0 . (E3)
Its relation to (E2) with a finite cut-off at Ncut is
〈H〉Ncut = 〈H〉N0 + 〈H〉Ncut>N0 (E4)
where the last term refers to the contributions for Ncut > N0. Equation (E4) can be extended to any kind of operator,
replacing in the equations above the Hamiltonian H with the operator O, which can be r or any of those appearing
in (E1).
The renormalization condition is that the (low-lying) energies, as the observables, do not change when the cut-off
is increased (or decreased). In order to achieve this, we first discuss the renormalization of the masses and then the
renormalization of the interaction parameters α and β.
The mass parameters are contained implicitly in the single-particle energies εN0p . One contribution to ε
N0
p comes
from the kinetic energy, which is not subject to renormalization, and the other from the masses of the different types of
quarks, which have to be renormalized. The renormalization of the quark masses can be achieved by a multiplicative
factor, i.e.,
mfNcut ≈ m
f
N0
√
xfNcut , (E5)
where we have taken into account that the factor may depend on the flavor of the quark, q = u,d or s.
The purpose of Eq. (E5) is to guarantee that the effective single-particle energies (meffq = ε1, 1
2
,± 1
2
, 1
2
and meffs =
ε1, 1
2
,0,0) remain unchanged as functions of Ncut, see Table VI. Therefore, the renormalization of the interaction can
be performed independently.
We shall now describe the renormalization of the interaction:
Let us take as an example the linear interaction operator; then (E4), multiplied by the interaction parameter, can be
rewritten as
βNcut〈r〉Ncut = βNcut
(
1 +
〈r〉Ncut>N0
〈r〉N0
)
〈r〉N0
= βN0〈r〉N0 , (E6)
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hence the relation between βN0 and the βNcut is
βNcut = βN0/
√
xNcut
√
xNcut =
(
1 +
〈r〉Ncut>N0
〈r〉N0
)
. (E7)
This guarantees the same expectation value via the renormalization of β as a function of the cut-off. Equation
(E7) incorporates the contributions from N larger than N0. The square root is introduced for convenience. An
analogous argument applies to the 1r interaction, and assuming that the relation <
1
r > ≈ 1<r> is fulfilled, we have
αNcut ≈ αN0√xNcut .
We have performed numerical diagonalizations, increasing N from 3 to 13 in steps of 2 and determining xNcut and
xfNcut such that the first single-particle energy remains approximately constant, see Table VI. Changing the masses and
interaction constants according to the above equations results in an approximately invariant RPA spectrum. Even
though we cannot determine exact expressions for the renormalization functions because of the highly non-linear
structure of the equations, a rough estimate of the factors xNcut and x
f
Ncut
is given by
xNcut ≈ 1 + t1 (Ncut −N0)t2
xfNcut ≈ 1 + t
f
1 (Ncut −N0)t
f
2 , (E8)
where t1, t2, t
f
1 , t
f
2 are constants listed in Table VII, and xNcut and x
f
Ncut
have to satisfy the boundary conditions
xN0 = 1 and x
f
N0
= 1, respectively.
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